Abstract. In this work, we use the Sternberg phase space (which may be considered as the classical phase space of particles in gauge fields) in order to explore the dynamics of such particles in the context of Lagrange-Dirac systems and their associated Hamilton-Pontryagin variational principles. For this, we develop an analogue of the Pontryagin bundle in the case of the Sternberg phase space. Moreover, we show the link of this new bundle to the so-called magnetized Tulczyjew triple, which is an analogue of the link between the Pontryagin bundle and the usual Tulczyjew triple. Taking advantage of the symplectic nature of the Sternberg space, we induce a Dirac structure on the Sternberg-Pontryagin bundle which leads to the Lagrange-Dirac structure that we are looking for. We also analyze the intrinsic and variational nature of the equations of motion of particles in gauge fields in regards of the defined new geometry. Lastly, we illustrate our theory through the case of a U (1) gauge group, leading to the paradigmatic example of a electricaly charged particle in an electromagnetic field.
Introduction
In the Hamiltonian formalism, many classical mechanical systems are described by a manifold, which plays the role of phase space, endowed with a symplectic structure and a choice of Hamiltonian function. More concretely, if S is a smooth manifold equipped with a symplectic two-form Ω S , i.e (S, Ω S ), the dynamics induced by a smooth Hamiltonian function H : S → R, embodied in its Hamiltonian vector field X H : S → T S, is determined by the well-known Hamiltonian equations i X H Ω S = dH.
As can be noticed, these equations are global and may be derived from the pure geometry of the phase space. Particularly, the dynamics of a particle with configuration manifold Q is determined by its cotangent bundle (T * Q, Ω T * Q ), the usual phase space in classical mechanics, and a given Hamiltonian function H : T * Q → R. The Lagrangian counterpart of mechanics is not as geometrical as the Hamiltonian side, say the Euler-Lagrange equations for a given Lagrangian function L : T Q → R cannot be obtained from the geometry of the tangent bundle T Q. Nevertheless, both approaches may be described intrinsically under the same framework when one combines the theory of Lagrangian submanifolds (see [33, 34] ) with the so-called Tulczyjew's triple (see [29, 30, 31] ): namely, both Hamiltonian and Lagrangian dynamics are described by suitable Lagrangian submanifolds of the double vector bundle T T * Q. Roughly speaking, a Lagrangian submanifold is a maximally isotropic submanifold of a given symplectic manifold, while the Tulczyjew triple is the set made out of the double vector bundles T * T * Q, T T * Q, T * T Q and two symplectomorphisms among them, say α Q , β Q . This is a powerful mechanism and it has been widely applied in modern Geometric Mechanics, from continuous to discrete systems or from unconstrained to variationally constrained (meaning vakonomically constrained) systems, as can be seen in the recent references [2, 3, 4, 8, 9, 14] .
Mathematically speaking, in a gauge theory with gauge group G formulated over a manifold Q, a gauge field is a connection of the G−principal bundle P → Q. The addition of a gauge field into the classical particle dynamics is non-trivial, specially when the group is non-abelian. From a symplectic perspective, the description of the phase space of a particle on a gauge field was initiated by Sternberg in [27] , giving rise to the so-called Sternberg phase space F , following the initial ideas in [35] , where the equations of motion of the particle and the gauge field are obtained taking advantage of a Poisson approach; further developments on this subject may be found in [22, 32] . From the physical point of view, the dynamics of a classical particle in interaction with a gauge field is interesting in few cases, being the paradigmatic one the case of a charged particle evolving in space and coupled to an electromagnetic field. Of course, this instance is important for its own sake, but recently some attention has been put upon the magnetized Kepler problems [1, 19, 20] , problems that fit in the setup presented in this work. On the other hand, it is mandatory to mention that gauge fields acquire crucial importance at a quantum level, for instance in Yang-Mills theories [36] such as the Standard Model of particle physics, which is a quantum field theory where the gauge fields play the role of the intermediate bosons of fundamental interactions (see [24] for a theoretical perspective on the Standard Model).
Again at a classical level, to obtain the equations of motion of a charged particle subject to a gauge field is not easy, and usually it is achieved in the physical literature through the so called minial coupling procedure (which consists on shifting the classical momenta by the gauge field). In a more elegant and geometrical way, it has been accomplished in the recent work [21] the task of deriving these equations in the context of a generalization of the Tulczyjew triple (called the magnetized Tulczyjew triple (where the role of the cotangent bundle T * Q is played by the Sternberg phase space F ) and the Lagrangian submanifold theory.
Although symplectic manifolds are the appropriate spaces to describe Hamiltonian systems and have great importance in modern mathematics, they are not suitable to describe all classical systems. Mechanical systems with symmetries are described by Poisson structures and systems with constraints are described by closed (but not exact, therefore presymplectic) two-forms. Systems with both symmetries and constraints are described using Dirac structures, introduced by Courant in the early 1990s [6] . The original idea was to formulate the dynamics of constrained systems, including constraints induced from degenerate Lagrangians, as in [11, 12] . As a matter of fact, Hamiltonian systems can be formulated in the context of Dirac structures, and their application to electric circuits and mechanical systems with nonholonomic constraints (namely constraints depending on the configuration and velocity variables which, moreover, are not itegrable) was studied in detail in [25] where they called the associated Hamiltonian systems with Dirac structures implicit Hamiltonian systems. On the other hand, in [37, 38] it was explored the Lagrangian side of this framework, developing the notion of implicit Lagrangian system (or Lagrange-Dirac system) as a Lagrangian analogue of implicit Hamiltonian systems. This kind of structures was designed to account for the link between Dirac structures in the cotangent bundle and a degenerate Lagrangian system with nonholonomic constraints. Moreover, the suitable space to derive their equations of motion in a variational fashion, through the Hamilton-Pontryagin principle, is the so-called Pontryagin bundle T Q ⊕ T * Q. Besides succeding in the description of electric circuits and nonholonomic mechanics, the Lagrange-Dirac systems can be also applied to constrained variational dynamics as lately shown in [16] .
In this work we follow the ideas just introduced and obtain, employing the already defined Sternberg phase space and magnetized Tulczyjew triple, new geometrical structures providing the dynamics of a charged classical particle subject to a gauge field. Particularly, we will apply a generalized notion of Lagrange-Dirac systems to such particles. Our formulation is general, and accounts for a non-abelian Lie group G. For this, we construct an analogue of the Pontryagin bundle in the case of the Sternberg phase space, which we will name as the Sternberg-Pontryagin bundle, and, furthermore, a Dirac structure there, taking advantage of a suitable presymplectic struture. Moreover, we will prove that the Sternberg-Pontryagin bundle is the appropriate space to derive variationally the equations of motion of the Lagrange-Dirac system under consideration. We put emphasis on the local properties of these geometrical structures, performing most of the computations in local coordinates. We enclose our main results in theorem 6.3, developed in §6. The paper is structured as follows:
§2 is devoted to introduce the Sternberg phase space and to carefully describe its local expression and associated symplectic two-form. In §3 we describe both the usual Tulczyjew triple and its magnetized version. Moreover, the equations of motion of a charged particle in a gauge field (10) are introduced, while they are put in the context of [21] in proposition 3.1. §4 accounts for the description of Dirac structures and Lagrage-Dirac systems. We employ the Pontryagin bundle to illustrate the Lagrange-Dirac systems in proposition 4.2, result which, despite quite natural, is original to the extent of our knowledge. In §5 the Sternberg-Pontryagin bundle is defined and its relationship with the magnetized Tulczyjew triple shown; moreover we present the Sternberg-Pontryagin Lagrange-Dirac system. §6 containts our main result, split into the propositions 6.1, 6.2 and 6.3, where the desired equations of motion are obtained in the context of the Sternberg-Pontryagin bundle from variational, intrinsic and Dirac points of view, respectively. Finally, our theory is illustrated in §7 through the paradigmatic example of a electrically charged particle in an electromagnetic field.
Regarding the repeated indices, we will employ Einstein's summation convention in this paper unless otherwise noted 2. The Sternberg phase space Throughout this work we assume that Q is a smooth manifold, G is a compact connected Lie group with Lie algebra g, π : P → Q is a principal G−bundle with a fixed principal connection form Θ, and F is a Hamiltonian G−space with symplectic form Ω F and equivariant moment map Φ : F → g * (meaning commutative with respect to the G−action), where g * is the dual of the algebra. By Hamiltonian G−space we mean that F is a symplectic manifold with symplectic form Ω F , that G acts on F as a group of symplectomorphisms, so that there is a homomorphism of the Lie algebra g into the algebra of Hamiltonian vector fields, and that we are given a lifting of this homomorphism to a homomorphism of g into the Lie algebra of functions on F (where the Lie algebra structure is given by Poisson bracket). Assuming that Q is n−dimensional while F is m−dimensional, we denote (q i ), i = 1, ..., n, and (z α ), α = 1, ..., m (with m an even number since F is a symplectic manifold), as their local coordinates respectively (we will use (q, z) with some abuse of notation).
Let F := P × G F , and F be defined through the commutativity of the diagram
where π Q is the canonical projection. It was proven in [27] that there is a correct substitute Ω Θ on F for Ω F on F , in the sense that it is a closed two-from on F and it's equal to Ω F when P → Q is a trivial bundle with the product connection. Furthermore, if Ω T * Q is the canonical symplectic form on T * Q, then
is a symplectic two-form on F (which we will name henceforth as the Sternberg symplectic form). For sake of simplicity, we shall use the same notation for both the differential form (or a map) and its pullback under a fibre bundle projection map (for instance, in (2) both the symplectic two-form on T * Q and its pullback by ρ are denoted by Ω T * Q , while Ω Θ denotes both a two-form on F and its pullback throughπ Q ; therefore the sum of both two-forms makes sense). Now, we characterize carefully these elements in the next subsection.
2.1. Description of F and Ω . Consider a local trivialization φ of the principal bundle π : P → Q, namely a local diffeomorphism φ : Q × G → P . On the other hand, locally we have the isomorphism
where we recall that F := P × G F ; note that this trivialization can be described in terms of φ as φ F = φ × G Id F , where Id F : F → F is the identity mapping. Considering (3), (q, z) are local coordinates of F. Moreover, let (q, p) be local coordinates of T * Q (where obviously p stands for p i ). Thus, the commutativity of diagram (1) establishes (q, p, z) as local coordinates of F and the following local expression of the projections:
To describe the Sternberg symplectic form, we consider the principal connection form Θ, which is a g−valued one-form on P satisfying (1) R * a −1 Θ = Ad a Θ, for any a ∈ G, where R a denotes the right action of a on P and Ad a the adjoint action of a on g, (2) Θ(X ξ ) = ξ, where X ξ ∈ X(P ) is the infinitesimal right action of ξ ∈ g on P . From the local point of view, we employ the trivialization φ to construct a g−valued differential one-form on Q × G by
for a unique g−valued differential one-form A φ on Q. Since G is a compact connected Lie group, we can assume that it is a Lie subgroup of SO(N ) for some positive integer N . In the last equation, g denotes the inclusion map of G into the vector space of all real square matrices of order N . Note that, in terms of g, the Maurer-Cartan form on G can be written as g −1 dg, here, the product between g −1 and dg is the matrix multiplication. To see how A φ and A φ are related (corresponding to two different trivializations φ and φ ) we note that the bundle isomorphism λ defined by the commutative diagram
can be written as λ : (q, b) → (q, a(q)b) for a unique smooth map a : Q → G. The commutativity of the previous diagram yields φ * Θ = λ * φ * Θ , and therefore we arrive at
As in regards of the Sternberg symplectic form defined in (2), we next consider its local form. First, we define a closed two-form in F by means of the trivialization φ F introduced in (3). Namely, let Ω φ := Ω F − d A φ , Φ be a two form on Q × F . Here ·, · denotes the pairing between g and g * and the momentum map Φ is understood to be evaluated on F and consequently is an element of the dual algebra. Thus, we define the Sternberg two-form Ω Θ on F by
Note that Ω Θ is closed by construction since Ω F is symplectic (therefore also closed) and
Note as well that Ω Θ as defined in (4) depends on the trivialization φ in (3). Thus, to show that Ω Θ is well-defined on F, it is needed to prove that φ
* Ω φ for two different trivializaitions φ and φ according to the diagram
Both facts, namely the equivalence of the two conditions and the validity of the latter, are proved in [21] , lemma 2.1. After this develpment we arrive at the following conclusion: Proposition 2.1. There exists a closed real differential well-defined two-form Ω Θ on F defined by Ω Θ := Ω F − d A, Φ under a local trivialization of P → Q, where the connection Θ is represented by the g−valued differential one-form A on Q.
In this proposition we already drop the subscript φ of A for sake of simplicity. Finally, the two-form Ω defined in (2) is established as a symplectic form on F through the following proposition:
Proof. It has been already proved that Ω Θ is closed. Besides, Ω T * Q is closed as a symplectic two-form, making Ω also closed.
On the other hand, consider the local coordinates of F , (q, p, z), and the local form of Ω , namely
and Ω αβ is the local expression of the symplectic form Ω F on the Hamiltonian space F . Employing the matrix form
it is easy to check that Ω is non-degenerate everywhere by block reduction. This makes the claim hold.
The symplectic manifold (F , Ω ) is refered as the Sternberg phase space. In [32] it was introduced a symplectic space out of the principal G−bundle P → Q and the Hamiltonian G−space F , and showed that a connection Θ yields a symplectomorphism to the Sternberg phase space.
Similarly, we define the space F through the commutativity of the diagram
where τ Q : T Q → Q is the canonical projection of the tangent bundle. Using the trivialization (3) and introducing local coordinates (q, v) for T Q (where v stands for v i ), we may describe locally F by (q, v, z) and the projections in (7) by:
The magnetized Tulczyjew triple
Taking advantage of the symplectic structure of the Sternberg phase space (F , Ω ) described in §2 and the relationship between F and F , namelyπ Q : F → F is the dual vector bundle ofτ Q : F → F, it has been elegantely introduced in [21] an analogue of the usual Tulczyew triple made out of these spaces, named as the magnetized Tulczyjew triple. We introduce both notions and some other useful results for our purposes.
3.1. The Tulczyjew triple. The spaces T T * Q, T * T Q and T * T * Q are naturally double vector bundles (see [13] , [23] ) over T * Q and T Q. In [30] and [31] , Tulczyjew established two symplectomorphims among these spaces, the first one between T T * Q and T * T Q (namely α Q ) and the second one between T T * Q and T * T * Q (namely β Q ). As cotangent bundles, T * T Q and T * T * Q are naturally equipped with symplectic two-forms, Ω T * T Q and Ω T * T * Q respectively. On the other hand, it may be also proven that T T * Q is a sympectic manifold, equipped with the symplectic two-form Ω T T * Q := d T Ω T * Q , where d T Ω T * Q is the tangent lift of Ω T * Q , which is the usual symplectic form of the cotangent bundle T * Q (see [10] for more details.) In the following diagram, known as the Tulczyjew triple, we show the different relationships among these bundles:
where
Remark 3.1. We have introduced the Tulczyjew triple in terms of the canonical symplectic structures corresponding to the double vector bundles T * T Q, T * T * Q. Nevertheless, in a more general geometric landscape, one can always establish the isomorphism T * E ∼ = T * E * , for any vector bundle E → X, in terms of the canonical pairings [15] .
Chosing (q, p,q,ṗ) as local coordinates of T T * Q and (q, v, α q , α v ) for T * T Q, these symplectomorphisms locally read
In order to show the importance of this construction in Geometric Mechanics (and also to describe the procedure employed in the next subsection to obtain geometrically the equations of motion of charged particles in gauge fields), now we briefly discuss how to describe intrinsically both Lagrangian and Hamiltonian mechanics through the Tulczyjew triple, employing as well the notion of Lagrangian submanifold. We use a rather pedestrian definition of the latter concept since a deeper analysis on this subject is not the purpose of this work. Let (S, Ω S ) be a symplectic manifold and N ⊂ S a smooth submanifold with inclusion map ι. We say that N is a Lagrangian submanifold of S if the following conditions hold:
Q ) we can therefore generate a Lagrangian submanifold of T T * Q from dL (dH), submanifold which determines a system of implicit differential equations whose integrable part can be obtained by applying the integrability constraint algorithm (see [5, 18] for more details). Of course, these implicit differential equations represent the Lagrangian dynamics, i.e. they are equivalent to the Euler-Lagrange equations (respectively the Hamiltonian dynamics and the usual Hamiltonian equations).
3.2. The magnetized Tulczyjew triple. In the next diagram, in analogy to (8), we introduce the magnetized Tulczyjew triple (see [21] for more details):
F and the projection T F , for coordinates (q, p, z,q,ṗ,ż) of T F , is locally defined by T F : (q, p, z,q,ṗ,ż) → (q,q, z). The symplectic structures on T * F and T * F are provided by their cotangent structure (Ω T * F and Ω T * F respectively), while Ω T F is defined from Ω Θ , this is Ω T F := d T Ω Θ , where again d T represents the tangent lift. Considering (q, v, z, α q , α v , α z ) as local coordinates of T * F , next we display the local form of the symplectomorphisms in (9):
This triple is used in [21] in order to obtain the equations of motion of a charged particle in the presence of gauge fields (role globally played by the connection Θ and locally by its local expression under trivialization, say A). For this, in analogy with how the Lagrangian dynamics is obtained employing the usual Tulczyjew triple, a smooth Lagrangian submanifold of (T F , Ω T F ) is considered, in particular the submanifold generated by a Lagrangian function L : F → R through the following diagram:
Let c : R → F be a parametrized curve on F and let (c(t),
, where ρ is the projection map defined in diagrams (1) and (7), be the lifted curve to F (note that the local coordinates of (c(t), d dt (ρ • c(t))) may be considered, with some abuse of notation, (q(t),q(t), z(t))). Now, considering the differential map dL : F → T * F , we employ the magnetized Tulzyjew triple (9) to obtain the Lagrangian submanifold α (t))) ) . Finally, taking into account the local expression of α −1 F (dL (F ))), one arrives at the equations of motion:
where Ω αβ = (Ω αβ ) −1 exists, since Ω F is full-rank. 
, where δ aā is the usual Kronecker delta. Using this particular local representation, the equations (10) read
where, in the last equation, α = (a,ā) and δ aā is the inverse of δ aā . In general, we shall use equally the expressions (10) and (11) , preferring the latter in some proofs for convenience.
As shown by this procedure, the equations above may be obtained from a geometrical condition. On the other hand, they can be obtained by usual calculus of variations (as mentioned, but not proved, in [21] ). We enclose this result in the following proposition, which must be understood as a rephrasing of part of the main theorem in [21] : Proposition 3.1. Let L : F → R be a smooth Lagrangian function andc : R → T F a smooth curve. For a charged particle with configuration space Q, internal space F , gauge field Θ and Lagrangian L , its equations of motion are locally written as (10)- (11) , equations that can be obtained from the next two statements (which are equivalent):
where we set Ω F (z,ż) := Ω F (ż a ∂ ∂z a , zā ∂ ∂zā ) = δ aāż a zā. Then, the stationary condition for the action functional t2 t1 L ((q(t), z(t),q(t),ż(t)) dt where the endpoints of (q(t), z(t)) are fixed, sigles out a curve obeying the equations (10)- (11) .
Note that the extended Lagrangian L is degenerate on T F , i.e. if we define the function L : T F → R is easy to see that ∂L ∂v = 0 using the local coordinates (q, v, z,q,v,ż) for T F . Our task in the subsequent sections, which is the main purpose of this paper, is to reobtain the equations (10)-(11) from a new variational principle and a Lagrange-Dirac condition in the Sternberg-Pontryagin bundle, which will be introduced in §5.
Dirac structures and Lagrange-Dirac systems
4.1. Dirac Structures. We first recall the definition of a Dirac structure on a vector space V , say finite dimensional for simplicity (see [6] and [7] ). Let V * be the dual space of V , and · , · be the natural paring between V * and V . Define the symmetric paring ·, · on V ⊕ V * by
where D ⊥ is the orthogonal of D relative to the pairing ·, · . Now let M be a smooth manifold and let T M ⊕ T * M denote the Whitney sum bundle over M , namely, the bundle over the base M and with fiber over the point x ∈ M equal to T x M × T * x M . In this paper, we shall call a subbundle 
where ∆ M ⊂ T M and ω ∆ M is the restriction of ω to ∆ M .
We present the proof for convenience of the reader (see [37] for more details).
Proof. The orthogonal of D
M ⊂ T M ⊕ T * M at the point x ∈ M is given by D ⊥ M (x) = (u x , β x ) ∈ T x M × T * x M | α x (u x ) + β x (v x ) = 0, ∀ v x ∈ ∆ M and α x , w x = ω ∆ M (x)(v x , w x ) for all w x ∈ ∆ M .
In order to prove that
To conclude the proof we shall check that
From α x , u x + β x , v x = 0 and the fact that u x ∈ ∆ M is an arbitrary vector we have that Of course, this proposition is also valid when ∆ M = T M (ω ∆ M = ω), which is the case in this work since we do not cosider restricted systems, and, furthermore, either for pre-symplectic or symplectic two-forms since the key property to accomplish the result is their skew-symmetry. On the other hand, throughout this work we shall define the Dirac structures in a different but equivalent way to proposition 4.1. Namely, each two-form ω on M defines a bundle map ω : T M → T * M by ω (v) = ω(v, ·). Consequently, we may equivalently define D M (x) in (13) as
4.2. Lagrange-Dirac systems. As shown just above, the Dirac structures can be given by the graph of the bundle map associated with the canonical symplectic structure, and hence it naturally provides a geometric setting for Hamiltonian mechanics. On the other hand, as mentioned in the introduction, the Dirac systems are also useful in the Lagrangian side when one considers degenerate Lagrangian functions and restricted systems [16, 37, 38] .
Based on the ideas of these references, we next present a rather general definition of a Lagrange-Dirac dynamical system and its equations of motion; afterwards, we give a significative example. 
Its equations of motion are given by (ẋ(t) , dγ(x(t))) ∈ D M (x(t)).
Any curve x(t) ⊂ M , t 1 ≤ t ≤ t 2 satisfying this condition is called a solution curve of the Lagrange-Dirac system.
We illustrate the Lagrange-Dirac systems by means of the Pontryagin bundle T Q ⊕ T * Q over a manifold Q, that is the Whitney sum of the tangent bundle and the cotangent bundle over Q, whose fiber at q ∈ Q is the product T q Q × T * q Q. If (q, p) and (q, v) are local coordinates for T * Q and T Q respectively, the Pontryagin bundle is locally described by (q, v, p), and these three projections are naturally defined:
The Pontryagin bundle and its projections fits in the Tulczyjew triple (8) as in the next diagram:
Consider now the presymplectic two-form Ω T * Q on T * Q ⊕ T Q (where we denote by Ω T * Q its pullback under the projection pr T * Q ). Thus, employing the proposition (4.1), we can define the Dirac structure
and
where y = (q, v, p) ∈ T Q⊕T * Q, or in the simpler form
Given a Lagrangian L : T Q → R (possibly degenerate) and its associated generalized energy 
These equations are equivalent to the usual Euler-Lagrange equations.
Proof. The Dirac structure From the variational point of view, it is easy to prove, employing usual calculus of variations, that these equations can be also obtained from the stationary condition of the action functional
with fixed endpoints of q(t). This is known as the Hamilton-Pontryagin principle.
The Sternberg-Pontryagin bundle and Sternberg-Pontryagin Lagrange-Dirac system
We use the spaces F and F defined in §2 in order to introduce, in analogy to the usual Pontryagin bundle T Q ⊕ T * Q, what we define as the Sternberg-Pontraygin bundle.
Definition 5.1. Consider the bundle F ⊕F over F, whose fiber at (q, z) ∈ F is the product F × (q,z) F . We call the bundle F ⊕ F the Sternberg-Pontryagin bundle.
Under this definition, the local coordinates of F ⊕ F are written (q, v, p, z), while the following three projections are naturally defined:
All the previous developments may be summarized into the following diagram, where (1) and (7) have been taken into account:
Similarly to the case of the usual Pontryaging bundle T Q ⊕ T * Q, the SternbergPontryagin bundle F ⊕ F fits in the magnetized Tulczyjew triple (8) as shown in the following diagram:
As proven in §2, F is equipped with a symplectic form Ω . Taking advantage of the projection pr F : F ⊕ F → F , we can induce a presymplectic two-form in the Pontryagin-Sternberg bundle F ⊕ F , namely (pr F )
* Ω (which we will also denote Ω ). Furthermore, this two-form induces the bundle map
and consequently, according to proposition 4.1, the Dirac structure
where x = (q, v, p, z) ∈ F ⊕ F . We name D the Pontryagin-Sternberg Dirac structure. On the other hand, consider a Lagrangian function (possibly degenerate) L : F → R and define its associated generalized Energy function E L : F ⊕F → R in local coordinates by
where ·, · denotes the natural pairing between T Q and T * Q. With all these ingredients and according to definition 4.1 we introduce the following LagrangeDirac system: Definition 5.2. Consider the Dirac structure D on F ⊕F , a Lagrangian function (possibly degenerate) L : F → R, its associated generalized Energy function E L : F ⊕ F → R (17) and a curve x(t) = (q(t), v(t), p(t), z(t)) ∈ F ⊕ F . We define the Pontryagin-Sternberg Lagrange-Dirac system by (D , E L ) and its equations of motion by
Main Theorem
In this section we split our main result into three propositions, enclosing them in a compact way in the final theorem. The two statements in proposition (3.1) might be also included (since they are all equivalent) but we prefer to keep them out in order to emphasize the new results.
First we establish a variational principle providing the equations of motion of a charged particle in a gauge field (10) . For that, we present some useful definitions. As above, let x = (q, v, p, z) be local coordinates of F ⊕ F ; therefore (x,ẋ) = (q, v, p, z,q,v,ṗ,ż) are the local coordinates of T (F ⊕ F ). Furthermore, consider r = (q, v, z) local coordinates for F and therefore (r,ṙ) = (q, v, z,q,v,ż) for T F . Define the extended generalized Energy function
where ·, · is the pairing between T Q and T * Q and L is the extended Lagragian defined in (12) . Note that E L is also degenerate by definition due to its (v,ṗ)−independence.
Then, keeping the endpoints of (q(t), z(t)) ∈ F fixed, whereas the endpoints of v(t) and p(t) are allowed to be free, the stationary condition for this action functional induces the equations (10)-(11).
Proof. By direct computations, the variation of (20) reads
where the particular form of (12)
, has been taken into account (note in the last two terms the difference between the Kronecker's delta and the variation of the coordinates) as long with the splitting of coordinates α = (a,ā). Moreover, in the first four terms ·, · means the pairing between T * Q and T * Q, in the next three ones the pairing between T * F and T F and, finally, in the next three ones the pairing between g * and g. Now, reordering the terms and performing integration by parts we arrive at
, where we have used that
under integration by parts. Now, taking into account that δq(t 1 ) = δq(t 2 ) = δz(t 1 ) = δz(t 2 ) = 0 the last three terms vanish. Moreover, considering that (δq, δv, δp, δz) are free, the stationary condition above provides the following equations.
These are obviously the equations (11) as claimed.
Now, taking advantage of the geometry introduced in the diagrams (15) and (16), we attempt to obtain an intrinsic expressions of the action functional (20) and the equations (10) . As a first guess, considering (15) we notice that the Poincaré-Cartan one form Θ T * Q on T * Q (with local form Θ T * Q = p i dq i ) can be pulled-back to T (F ⊕ F ) through the chain
is a fair global expression of (20) , fact that can be easily proven by direct computations in coordinates. Nevertheless, taking variations and integrating by parts we arrive at
which fixing the enpoints of q(t) yields
After some calculations, we realize that this is not a global representation of (10) (we skip the details for sake of short). This fact points out that the usual symplectic geometry, pulled-back to the new space F ⊕F , is not enough to describe the equations of a charged particle in a gauge field. Consequently, we reorient our attention to the Sternberg-Pontryagin bundle in order to construct a meaningful one-form there. Indeed, noting that the connection A is a g * −valued one-form on T * Q and appealing to the considerations in remark 3.2 we define (using the Darboux's coordinates (z a , zā) for F ):
where the one-form in F , i.e. zādz a =: Θ F , is defined such that −dΘ F = Ω F = δ aā dz a ∧ dzā. Taking into accout that Ω = Ω T * Q − d A, Φ + Ω F , it is easy to check that Ω = −dΘ . Pulling-back Θ to F ⊕ F through pr F (note that Ω will be presymplectic in F ⊕ F ) and taking into account the generalized energy (17) we define the action functional
where again x = (q, v, p, z) ∈ F ⊕ F , which is as well a fair global expression of (20) , as can be easily proven by direct computations in coordinates. We show in the next proposition that this new action functional provides also a global representaion of (10).
Proposition 6.2. Under the endpoints (q(t), z(t)) = pr F (x(t)) fixed, the stationary condition of the action functional (23) singles out a critical curve x(t) that satisfies the intrinsic equations of motion of a charged particle in a gauge field:
Moreover, these equations are equivalent to (10).
Proof. To prove the first statement, we take variations over (23), which yields:
where integration by parts has been performed. For all variations δx(t) and fixed enpoints (q(t), z(t)) = pr F (x(t)), one arrives straightforwardly at iẋ (t) Ω (x(t)) = dE L (x(t)).
To prove the second, we consider the local form of Ω on F ⊕ F , particularly (recall (6))
which leads to
On the other hand
Equating both expressions we arrive at equations (21), and therefore the claim holds.
Remark 6.1. Roughly speaking, in the definition of the one-form Θ we have performed a sort of minimal coupling condition: namely we have established the substitution p i → p i − A i , Φ , where p i are the coordinates of the momentum in T * Q. The minimal coupling is the standard procedure in the physics literature to derive the Lorentz equations in a relativistically invariant manner. More concretely, the substitution p → p − eA is made in the Hamiltonian function (where p is the four-momentum and A is a four-potential of the electromagnetic field, while e is the electric charge). As observed in [26, 28] , this procedure is equivalent to leaving the Hamiltonian invariant and adding e dA to the symplectic form in the original phase space. This is the beggining point by Sternberg himself when constructing the Stenberg's phase space in [27] .
By means of this proposition we have proven that the suitable space to intrinsically describe the equations of motion of a charged particle in a gauge field is the Pontryagin-Sternberg bundle F ⊕ F .
Finally, we employ the Pontryagin-Sternberg Lagrange-Dirac system to reobtain (10). 
are equivalent to (10).
Proof. To prove this, we provide the local expression of D = graph Ω , which is obtained by considering the local form of Ω (24) . Namely
where α i dq i +β i dv i +u i dp i +µ α dz α ∈ T * (F ⊕F ). When we set (α, β, u, µ) = dE L , which is accomplished by taking into account the local expression (25) , we obtain the equations of motion of the Pontryagin-Sternberg Lagrange-Dirac, equations which are obviously equivalent to (21) , as claimed.
Remark 6.2. The definition of the extended Lagrangian L (12) is crucial in propositions 6.1 and 6.2, where we construct the variational principle and its intrinsic expression in F ⊕ F . Despite the particular form of L is highly influenced by the Sternberg symplectic structure and therefore quite natural (note that L = L + Θ , (q,ż) − Θ T * Q ,q , where Θ is defined in (22) ), it is completely unnecessary from the Lagrange-Dirac point of view. In fact, we only need L in order to construct the generalized energy E L , function which forms the LagrangeDirac system (D , E L ). The Sternberg symplectic structure is only present in the definition of the Dirac structure D , and consequently in the dynamical condition ẋ, dE L (x) ∈ D (x). In other words, the symplectic structure influences the geometry of the space under study, but it does not influence its dynamical function, following somehow the Sternberg's program sketched in remark 6.1.
We enclose the results obtained in this section in our main theorem: Theorem 6.3. The following statements are equivalent:
(1) The Sternbert-Hamilton-Pontryagin principle for the following action integral
holds for (q(t), z(t)) with fixed enpoints.
whose local expression iṡ
, is a solution of the Pontryagin-Sternberg Lagrange-Dirac system (D , E L ), whose equations of motion are
Example
As mentioned in the introduction, the paradigmatic example in classical physics of a charged particle subject to a gauge field is an electric charged particle evolving in space and coupled to an electromagnetic field (other interesting examples as the Wong's equations or the magnetized Kepler problems may be found in [35] and [19] respectively). We shall consider the autonomous case, i.e. the electromagnetic field does not depend on time, and denote E := E i , B := B i , using the vector notation of physics literature, the electric and magnetic fields, respectively, in the three space coordinates corresponding to Q = R 3 (with local coordinates q i = {x, y, z}). The textbook equations of motion of a charged particle (charge=e and unit mass m = 1) coupled to a electromagnetic field (E, B) are:
where q := q i , × denotes the curl operation , · the scalar product in R 3 , E the energy of the particle and c is the speed of light. Moreover, as it is well-known, both fields may be obtained from the so-called scalar and vector potentials, ϕ and A respectively, by E = −∇ ϕ and B = ∇ × A.
(27) In the context of this work, the equation (26a) can be obtained by taking into account the following setup: Q = R 3 , G = U (1) is the one-dimensional unitary group, F is a coadjoint orbit of G (consequently a point −e ∈ R) with Φ the inclusion map. Needless to say, the connection Θ is determined locally by the vector potential A; furthermore L = from which, considering that p 0 = E and p i = δ ijq j and taking into account equation (27) , we recover the equations (26) (29) . On the other hand, regarding the Dirac structure D and the Lagrange-Dirac system (D , E L ), the generalized Energy E L : F ⊕ F → R (17) reads
Taking into account the two-form Ω , the equations of motion of the PontryaginSternberg Lagrange-Dirac system defined in proposition 6.3 are written as 
Conclusions
In this paper, we have explored the construction of Lagrange-Dirac structures in the defined Pontryagin-Sternberg bundle, which we show is the suitable space to obtain, from different points of view, the equations of motion for charged particles in gauge fields. We apply the theory to a charged particle coupled to a electromagnetic field, field represented by a connection in a U (1) principal bundle. However, our setting is general enough to cover also non-abelian groups. Our beginning point is the symplectic Sternberg phase space (F , Ω ), upon which we have constructed an analogue of the Pontryagin bundle T Q ⊕ T * Q, that we have named the Sternberg-Pontryagin bundle F ⊕ F . We have related this bundle to the magnetized Tulczyjew triple [21] analogously to how the Pontryagin bundle is related to the usual Tulczyjew triple. Then, we have shown that this is the suitable space to derive the equations of motion of particles in gauge fields from variational and intrinsic points of view (in the Lagrangian side). Moreover, we also show that it is necessary to define a (degenerate) extended Lagrangian function when deriving the equations in these contexts, extended Lagrangian which is highly influenced by the geometry of the Sternberg phase space. On the other hand, we have employed the Dirac structures theory to induce a Lagrange-Dirac system on F ⊕ F whose dynamical equations are equivalent to the equations under study. We have proved that this Dirac space generates naturally the desired dynamics and, furthermore, the needed Lagrangian function (which can be also degenerate) is simpler than the extended one proposed previously, i.e. it does not need to be extended.
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